Abstract: We present an approach to cosmological perturbations based on a covariant perturbative expansion between two worldlines in the real inhomogeneous universe. As an application, at an arbitrary order we define an exact scalar quantity which describes the inhomogeneities in the number of e-folds on uniform density hypersurfaces and which is conserved on all scales for a barotropic ideal fluid. We derive a compact form for its conservation equation at all orders and assign it a simple physical interpretation. To make a comparison with the standard perturbation theory, we develop a method to construct gauge-invariant quantities in a coordinate system at arbitrary order, which we apply to derive the form of the n-th order perturbation in the number of e-folds on uniform density hypersurfaces and its exact evolution equation. On large scales, this provides the gauge-invariant expression for the curvature perturbation on uniform density hypersurfaces and its evolution equation at any order.
Introduction
Relativistic perturbation theory is an extremely useful tool for studying primordial inhomogeneities in cosmology and interpreting cosmological data such as the Cosmic Microwave Background (CMB) temperature anisotropies. The linear perturbation theory has been developed to a very high degree of sophistication [1, 2, 3, 4] and due to the smallness of the CMB temperature fluctuations usually provides an excellent approximation of the evolution of cosmological inhomogeneities. However, in order to reliably compare the theory with the high accuracy of the present and future observations, it has become important to study perturbations beyond the linear order, and recently there has been a flourishing activity around this subject. The foundation of second and higher order perturbation theory has been given in [5, 6] , although already at second order the coordinate approach becomes computationally challenging (see for example [7, 8, 9] ).
Instead of resorting to higher orders, one can alternatively use non-perturbative methods to study the nonlinear evolution of cosmological perturbations. Most of these methods [10, 11, 12, 13, 14, 15] are based on the so-called long wavelength approximation, which restricts their validity to super-Hubble scales.
A non-perturbative and covariant way to deal with relativistic inhomogeneities has been proposed by Ellis and Bruni [16] and thereafter employed mainly in its linearized version to study cosmological perturbations as an alternative to the coordinate approach [17] . There one defines perturbations of scalar quantities as covectors that vanish in a spatially homogenous and isotropic Friedmann-Lemaître-RobertsonWalker (FLRW) universe. The advantage of the covariant formalism is that it directly deals with geometrical quantities that are not hampered by the gauge problems of the standard perturbation theory.
Recently, the covariant formalism was revived in [18, 19, 20] as a convenient way to derive exact equations describing the nonlinear evolution of perturbations, without resorting to any approximations. In [18] it was shown that, for a barotropic ideal fluid, it is possible to define a covector which is conserved exactly and on all scales in the Lie derivation along the fluid flow.
The existence of a conserved quantity in cosmology is of paramount importance as it allows one to establish a connection between perturbations at different epochs without solving for the detailed evolution of the universe. The result of [18] generalizes the approximate large-scale conservation of the so-called curvature perturbation on uniform density hypersurfaces in perturbation theory. This quantity was introduced in linear theory in [2, 21] , rederived using the continuity equation alone in [22, 23] and extended to second order in the perturbations in [24] . Nonlinear generalizations for the curvature perturbation have also been derived using the long wavelength approximation in [13, 14, 15] .
In the present paper, we present a covariant approach for the study of nonlinear perturbations and their conservation properties based on a perturbative expansion similar to the standard coordinate-based perturbation theory. However, in the coordinate approach a perturbation is defined as the difference between the values that a quantity (a scalar or a tensor) takes in the real inhomogeneous universe and in a fictitious ideal background, whereas in our approach a perturbation is defined geometrically in the real inhomogeneous universe as the difference between the values of a quantity measured by two observers on different worldlines. Thus, the terms in our covariant expansion are tensors in the real universe and fully non-perturbative in the usual sense of the coordinate-based perturbation theory. Our definition also implies that the perturbation of a tensor of a given type is described by a tensor of the same type. Thus, in contrast to the approach of [16] , the perturbations of scalar fields are described by scalars and not by covectors.
As in the standard coordinate approach, our perturbative expansion allows us to write a hierarchy of equations which, order by order, are coupled with those of lower order. However, being covariantly defined in the real universe, our quantities are automatically gauge-independent, thus avoiding the complications of the gauge issue of the standard perturbation theory.
To demonstrate the efficiency of our approach, we apply it to the continuity equation of an ideal fluid. At each order in covariant perturbations, we define a scalar quantity ζ (n) which generalizes, on large scales, the curvature perturbation on uniform density hypersurfaces at the same order. We derive an exact evolution equation for ζ (n) , showing that at arbitrary order it is conserved for a barotropic ideal fluid. This equation manifestly mimics the perturbative large-scale evolution equation of the curvature perturbation on uniform density hypersurfaces. This paper is organized as follows. In Sec. 2 we briefly review the covariant formalism for nonlinear cosmological perturbations. In Sec. 3 we define our covariant perturbative expansion and apply it to the continuity equation. Section 4 is devoted to the comparison between our covariant perturbative expansion with the standard coordinate-based approach. Finally, in Sec. 5 we draw our conclusions.
Covariant formalism
In this section we briefly review the basic ideas of the covariant approach to perturbations proposed in [16] and recently used to study the conservation and evolution of nonlinear relativistic perturbations for a perfect fluid [18] , for dissipative interacting fluids [19] and for scalar fields [20] .
We consider a universe dominated by an ideal fluid characterized by a fourvelocity
, where τ is the proper time of an observer comoving with the fluid. The energy-momentum tensor of the fluid is
where h a b is the spatial projection tensor orthogonal to the four-velocity u a ,
In the covariant approach, the deviations from a spatially homogeneous and isotropic FLRW universe are described by tensor fields defined in the real inhomogeneous universe and vanishing in an FLRW spacetime. The inhomogeneities of scalar quantities that do not vanish in the background can be described in a simple way by considering the spatial projections of their covariant derivatives [16] . For any scalar f one can define the projected gradient
which vanishes in the FLRW background and is thus interpreted as a perturbation. This definition is purely geometrical and depends only on the four-velocity u a . Since the covector D a f is defined in the real inhomogeneous universe, it is a nonperturbative quantity. For this reason, it can be conveniently employed to describe nonlinear perturbations without having to rely on any approximations.
In [18] , the covariant approach was used to define conserved nonlinear perturbations from the continuity equation, obtained by contracting the conservation equation of the energy-momentum tensor,
with the fluid four-velocity u a . For an ideal fluid, the continuity equation readṡ
where α is the local number of e-folds defined as the integral of the volume expansion along a worldline, 6) and the dot denotes the covariant derivative projected along u a ,
Here, for convenience, we have adopted the short notation
for the covariant derivative along a generic vector v a , that we shall use hereafter. We remind here also the expression for the Lie derivative along a vector v a , which will be useful in the following. For a scalar quantity f , this is equivalent to the covariant derivative along v a , i.e.,
For a vector w a it is equivalent to the commutator between v a and w a , 10) while for a covector w a it is given by
In order to "extract" an evolution equation for covariant perturbations from Eq. (2.5), one can simply take the spatially projected gradient D a of this equation and invert the time derivative and the spatial gradient. One can define a covector [18] ,
that satisfies a remarkably simple conservation equation in the Lie derivative along u a ,
Equation (2.13) is fully nonlinear and exact on all scales. For a barotropic fluid, i.e., when the pressure of the fluid is a unique local function of the energy density, p = p(ρ), its right hand side vanishes and ζ a is exactly conserved under Lie derivation along the worldlines of comoving observers. When expanded to first order in the standard perturbation theory, ζ a reduces on large scales to the spatial gradient of the first-order curvature perturbation on uniform density hypersurfaces, usually denoted by ζ. Furthermore, on large scales Eq. (2.13) mimics the evolution equation of ζ.
Covariant perturbation theory 3.1 Covariant perturbations
Here we define a covariant perturbative expansion in the real inhomogeneous universe, which allows us to introduce the concept of n-th order covariant perturbations. We first consider the perturbations of a scalar quantity f . Later, we will generalize our definitions to a tensor field.
In an inhomogeneous universe, two comoving observers living on different worldlines and measuring the same proper time τ will in general observe different values of f whereas in an FLRW universe they would measure the same (homogeneous) value. Thus, one can describe the inhomogeneities of f by considering the difference between the values of f measured by two neighboring comoving observers.
To characterize the separation between these observers, we introduce a connecting vector e a ≡ dx a /dλ that commutes with the fluid four-velocity [25] ,
As shown in Fig. 1 , for each value of the proper time τ , the connecting vector e a defines an integral curve, parameterized by λ, linking observers that measure the same proper time. These observers define a continuous family of worldlines and Eq. (3.1) guarantees that the parameters τ, λ can be used as (timelike and spacelike, respectively) coordinates on this two-dimensional hypersurface.
The connecting vector e a is not, in general, orthogonal to the fluid four-velocity u a , but can be decomposed into a longitudinal part, parallel to u a , and a relative position vector e a ⊥ , orthogonal to u a [25] , as
The relative position vector e a ⊥ defines another integral curve, parameterized by λ ⊥ , which characterizes the separation between neighboring observers as measured in their rest frame.
We now define the perturbation of f by comparing the values measured by observers on the integral curve of e of the curve such that these observers are at λ ⊥ = 0 and λ ⊥ = 1, respectively:
This can be taylor-expanded along the integral curve of e a ⊥ as,
where | 0 denotes the restriction to λ ⊥ = 0. Each term in the expansion (3.4) vanishes in the FLRW background and thus we define the n-th order term in Eq. (3.4) as the n-th order covariant perturbation of f . The first-order term of the expansion (3.4), i.e., the covariant first-order perturbation ∇ e ⊥ f , has actually been introduced already in the appendix of [16] as a scalar analogue of the spatially projected gradient D a f employed in the standard covariant approach. Indeed, it can be written as
In contrast, the higher order covariant perturbations in (3.4) have not been discussed previously in the literature.
The definition of the covariant n-th order perturbation of a scalar can be easily generalized to an arbitrary tensor field T living in the inhomogeneous real spacetime, which we denote by M, by defining a diffeomorphism between λ ⊥ = 0 and λ ⊥ = 1. This can be accomplished by using the flow Φ : R × M → M, generated by the vector field e a ⊥ . The diffeomorphism Φ defines a pullback Φ * λ ⊥ which maps a tensor T at λ ⊥ into a tensor Φ * λ ⊥
T at λ ⊥ = 0. The perturbation of the tensor field T can then be defined as
In an FLRW universe any tensor field T is invariant under Φ * λ ⊥ because this corresponds to a transformation of the coordinates on the homogeneous spatial hypersurfaces. Therefore ∆T describes a perturbation around the FLRW background and, as in the scalar case, it can be taylor-expanded as
The n-th order term L n e ⊥ T | 0 in this expansion is the n-th order covariant perturbation of the tensor field T . If T is a scalar field, the Lie derivative is just the directional derivative and we recover the expression (3.4).
The perturbation (3.6) and the perturbative expansion (3.7) have been defined here in analogy to the standard coordinate-based perturbation theory [5] . However, instead of living in an ideal background spacetime, ∆T and each term in its expansion are geometrically defined quantities in the real inhomogeneous universe and thus fully non-perturbative in the usual sense of the perturbation theory. The n-th order covariant perturbations L n e ⊥ T measure how the tensor field T changes in the direction of e a ⊥ . Therefore they depend on the choice of e a ⊥ but this is not a source of ambiquity since e a ⊥ is a vector field in the real universe and can be given a physical meaning.
Evolution of perturbations
Now we study the evolution of perturbations employing our covariant perturbative expansion for scalar quantities and applying it to the continuity equation. Using this perturbative expansion we expand the continuity equation (2.5) and define at each order a quantity that is exactly conserved along the fluid flow for adiabatic perturbations, i.e., if the ideal fluid is barotropic.
We begin by considering the evolution of covariant first-order perturbations. By applying the spatial derivative ∇ e ⊥ to Eq. (2.5) we find
Now we want to invert the time derivative with the space derivative along e a ⊥ . However, before doing so we note that e a ⊥ does not, in general, commute with u a but one has [u,
which implies that
Using this relation and Eq. (2.5), we can rewrite Eq. (3.8) as Note that although in Eq. (3.11) we have used covariant derivatives along the spatially projected vector e a ⊥ to define the perturbations, because of the second equality of Eq. (3.12) one can replace these by covariant derivatives along e a . The quantity ∇ẽα = ∇ e α − ∇ e ρ ρα , (∇ẽρ = 0), (3.14) describes the change of α when going from a worldline to a neighboring one along the integral curve of e a projected on uniform density hypersurfaces. This can be seen more clearly by rewriting the previous expression in terms of the coordinates {τ, λ}, which yields 15) where the second equality follows from the change of variables {τ, λ} → {ρ, λ}. Thus, ∇ẽα in Eq. (3.13) is the covariant first-order perturbation of the integrated expansion α on uniform density hypersurfaces and ∇ẽp is the covariant first-order non-adiabatic pressure perturbation. By introducing the notation
and
the evolution equation (3.13) can be written aṡ 18) which shows that ζ (1) is conserved if Γ (1) = 0. This equation is exact and fully nonlinear and generalizes the large-scale first-order conservation equation of the curvature perturbation on uniform density hypersurfaces ζ. From Eq. (3.15) we can interpret the conservation of ζ (1) for a barotropic fluid as follows (see also the discussion of [13, 15] ). The continuity equation of an ideal fluid, Eq. (2.5), can be integrated along each comoving worldline yielding
If the fluid is barotropic, p = p(ρ) is the same function for all worldlines, and Eq. (3.19) can be explicitly integrated yielding 20) whereα(ρ) is a function of ρ and c(λ) is an integration constant (along a worldline) that may change from a worldline to another, and reflects that α is defined up to a constant. Since ∇ẽα = 0, from Eqs. (3.16) and (3.15) this expression yields 21) which is constant along the fluid flow. However, if the fluid is non-barotropic, the equation of state p = p(ρ, λ) may vary from a worldline to another implying that the dependence of α on ρ also changes and ζ (1) , as defined in Eq. (3.15), is no longer conserved. Before extending our analysis to an arbitrary order, we first consider covariant second-order perturbations for which we know the coordinate-based perturbative analogue. As explained above, in our covariant approach the operator ∇ e ⊥ is used to define perturbations and ∇ẽ combines these to construct perturbations on uniform density hypersurfaces. In order to find the second-order perturbed evolution equation we can apply once more ∇ e ⊥ to Eq. (3.8). However, it is more convenient to expand the continuity equation in perturbations on uniform density hypersurfaces, applying directly ∇ẽ to Eq. (3.13). Using the commutation relation
which follows from the definition ofẽ a and implies
we find a second-order evolution equation,
where we have defined the covariant second-order perturbation of α on uniform density hypersurfaces as 25) and the covariant second-order non-adiabatic pressure perturbation as
Expanding the definition (3.25) in terms of spatial perturbations one obtains
and the explicit expansion of Γ (2) can be read from Eq. (3.27) by replacing α by p. Equation (3.24) is the evolution equation for ζ (2) . It implies that ζ (2) is conserved on all scales if the first and second-order non-adiabatic pressure perturbations vanish, i.e., Γ (1) = Γ (2) = 0. The form of Eq. (3.27) and the evolution equation (3.24) mimic and generalize the large-scale result of the second-order coordinate approach [24] .
We are now ready to extend our analysis to arbitrary order by defining the covariant n-th order perturbation of α on uniform density hypersurfaces as
and the n-th order non-adiabatic pressure perturbation as
To find the evolution equation of ζ (n) , one can apply the operator ∇ ñ e to the continuity equation (2.5) and recursively use the commutation relation (3.23) and ∇ẽρ = 0 to invert the time and space derivatives. After a series of straightforward manipulations one obtainsζ
where we have defined
For any order of the perturbative expansion defined in Sec. 3.1, this evolution equation shows that ζ (n) is conserved on all scales if the fluctuations are adiabatic up to this order, i.e., Γ (k) = 0, k = 1, . . . , n. Indeed, for a barotropic fluid, Eq. (3.20) implies that ζ (n) is conserved along a worldline at all orders. The definition of ζ (n) Eq. (3.28) and its evolution equation (3.30) are among our main results.
Comparison with the coordinate-based approach
Most of the studies of inhomogeneities in cosmology have been done in the coordinatebased perturbation theory. Thus, it is important to establish a connection between our covariant perturbations and the quantities used in the coordinate approach. In this section we construct at arbitrary order in the coordinate-based perturbation theory the expression and evolution equation of the perturbation of the integrated expansion on uniform density hypersurfaces, which on large scales coincides with the curvature perturbation on uniform density hypersurfaces, thus extending the previously known first and second-order results. Then, we explicitly expand the covariant variable ζ (n) given in Eq. (3.28) in terms of perturbations in a coordinate system and show that, in the uniform energy density gauge, it reduces on large scales to the spatial gradient of the n-th order uniform density curvature perturbation.
Perturbation theory and gauge transformations
In the standard coordinate-based perturbation theory (see e.g. [9, 5] ) one considers a 5-dimensional manifold N = M × R, each M being labelled by the continuous parameter y. Each submanifold M y , together with the tensor fields T y living on it, describes a spacetime model which interpolates between an ideal FLRW background, at y = 0, and the real inhomogeneous universe, at y = 1. The real universe can then be described approximately by an expansion in the parameter y around the background solution. In the following we choose the parameter y to be the fifth coordinate on N , x 4 = y, and use capital indices A, B running from 0 to 4 to denote the components of a tensor field on N .
To define the perturbation of a tensor field T around the background spacetime y = 0, one needs a map between the submanifolds M y , which can be constructed as the flow X y : M 0 → M y of a vector field X A defined on N such that X 4 = 1 everywhere. Thus, X A is always transverse to M y and connects different leaves of the foliation of N . The perturbation of a tensor field T can then be defined as [5] (
where the subscript 0 denotes the restriction to the background spacetime M 0 and we recall that X * y T is the pull-back of T y . This can be taylor-expanded in the parameter y as
and the n-th order term of this expansion defines the n-th order perturbation of T ,
The definitions of the perturbation of T and of its perturbative expansion depend on the choice of the vector field X A , or equivalently of the diffeomorphism X y . This is commonly referred to as the choice of gauge and therefore Eq. (4.3) defines the n-th order perturbation of T in the gauge X A . Instead of X A , one can define the perturbation of T by using another vector field Y A with Y 4 = 1,
where Y y is the flow generated by Y A . One can expand this equation similarly to Eq. (4.2) and define the n-th order perturbation of T in the gauge
The transformation from the gauge X A to Y A is generated by the diffeomorphism (Y −y • X y ) : M 0 → M 0 . One can taylor-expand its action on (∆ y T ) X and explicitly work out how the perturbations transform order by order, defining at each order a generator of the gauge transformation as a vector field living on the background spacetime [5] . For our purposes, it is more convenient to express the gauge transformation in terms of the vector field ξ A defined as
which will be called here the total generator of the gauge-transformation to distinguish it from the generators defined order by order. Equation (4.6) defines ξ A for each value of y and can therefore be used to generate gauge transformations at arbitrary order. Note that ξ 4 vanishes identically due to the choice X 4 = Y 4 = 1 showing that ξ A evaluated for a given y is always tangent to M y . The n-th order perturbation of a tensor field T in the gauge Y A can now be written in terms of the perturbations in the gauge X A and the total generator ξ A as
One can employ this compact formula to derive the gauge-invariant expression of the perturbation of T in the gauge Y A at any order. The gauge transformations derived from Eq. (4.7) are equivalent to those derived in [5] . When expanding the right hand side of Eq. (4.7) to n-th order, one finds combinations of commutators of the vector fields X A and ξ A that are equivalent to the n independent generators defined in [5] . Indeed, this can be demonstrated up to third order by explicitly expanding Eq. (4.7). By employing the following useful expression for the commutator of two Lie derivatives along the vector fields v A and 8) this yields
where we have defined the first three generators of the gauge transformations as
and we have used Eq. (4.6) to rewrite them in the second equalities in the familiar form in terms of X A and Y A , given in [5] .
Evolution of perturbations
In this section we derive the gauge-invariant expression and the evolution equation of the perturbation of the integrated expansion (or number of e-folds) on uniform density hypersurfaces at arbitrary order using Eq. (4.7). We focus on this quantity, instead of the curvature perturbation on uniform density hypersurfaces, because it is the conserved quantity that naturally arises when expanding the continuity equation. However, on large scales, i.e., neglecting spatial gradients as well as vector and tensor perturbations, as in the so-called separate universe approach [12, 14, 15, 18] , the curvature perturbation coincides with the perturbation in the integrated expansion. Therefore, on these scales the uniform density integrated expansion coincides with the uniform density curvature perturbation, allowing us to establish also for the latter an expression on large scales at arbitrary order.
In the following we choose coordinates on the background manifold M 0 such that the FLRW metric reads 15) where γ ij is the homogeneous spatial metric and the four-velocity of the fluid is
The uniform energy density gauge is defined by requiring that the perturbations of the energy density vanish to all orders. This determines the temporal gauge, or time-slicing, and additional conditions are needed to fix the remaining three degrees of freedom that correspond to the spatial gauge or threading. In the following we denote by Y A the gauge with uniform energy density slicing and comoving threading and derive the gauge-invariant expression for the perturbations of α in this gauge.
The conditions defining the gauge Y A can be expressed as
The first condition guarantees that the perturbations of the energy density vanish to all orders, δ n Y ρ = 0, (4.19) and the second condition sets the perturbations of the spatial components of the fluid four-velocity to zero δ
By substituting Eq. (4.6) into Eqs. (4.17) and (4.18), we derive a set of conditions on the total generator ξ A that define the gauge transformation between the gauge Y A and a generic gauge X A . To simplify the analysis, we decompose ξ A into parts orthogonal and parallel to the four-velocity u A as
Using the condition for uniform energy density slicing, Eq. (4.17), we can rewrite ξ
where we have definedξ
Furthermore, the condition for comoving threading, Eq. (4.18), yields a condition on the Lie derivative ofξ
The expression for ξ A (4.22) with the condition (4.24) involves only perturbations in the gauge X A and by substituting it into Eq. (4.7) we obtain the gauge-invariant expression for δ n Y α,
where we have defined δ n ζ as the gauge-invariant n-th order perturbation of the integrated expansion on uniform density hypersurfaces.
Using Eq. (4.25) one can straightforwardly rederive the familiar first and secondorder expressions for δζ and δ 2 ζ and even go to higher orders. At first order n = 1, using the definition of perturbations (4.3), Eq. (4.25) yields 26) whereρ ≡ ρ| 0 is the background value of the energy density, H ≡ a ′ /a =ᾱ ′ the background Hubble parameter and the prime ′ denotes the derivative with respect to the time coordinate t. The vectorξ A specifying the threading does not appear in this expression because Lξα 0 = 0. On large scales, δ X α is equivalent to the first-order curvature perturbation and Eq. (4.26) coincides with the well-known gauge-invariant expression for the curvature perturbation on uniform density hypersurfaces.
At second order, n = 2, by using Eq. (4.8) for the commutator of two Lie derivatives, Eq. (4.25) becomes
(4.27) The last two terms vanish on the background manifold as one can show by using Lξρ = 0 andξ 0 | 0 = 0, while the second term is simply 2Lξ (1) δζ. Furthermore, when commuting L u and L X in the first term on the right hand side of Eq. (4.27) using Eq. (4.8), one encounters terms proportional to the commutator [X, u] A . These terms do not vanish but they appear in such a combination that they cancel when evaluated on the background. After these manipulations one arrives at
is the generator of the first-order spatial gauge transformation from the gauge X A − (L X ρ/ρ)u A to Y A and for convenience we adopt the notation
The first-order generatorξ 
Without the last term on the right hand side, Eq. (4.28) is equivalent to the second-order perturbation of the integrated expansion on uniform density hypersurfaces defined in [18] . Here, in addition we were able to account also for the last term of Eq. (4.28) that was present in [24] , coming from the choice of threading. On large scales δ 2 ζ coincides with the curvature perturbation on uniform density hypersurfaces defined by Malik and Wands. (More precisely, it coincides with ζ (2)
One of the advantages of the compact expression (4.25) is that one can straightforwardly work out the explicit gauge-invariant expression for δ n ζ at arbitrary order. To demonstrate this we give the explicit gauge-invariant expression of the third order perturbations of the integrated expansion on uniform density hypersurfaces. This can be computed similarly to the second-order case and one finds perturbation on uniform density hypersurfaces. In particular, Eq. (4.34) shows that, on large scales, for adiabatic perturbations, the curvature perturbation on uniform density hypersurfaces is approximatively conserved at all orders.
By choosing in the gauge X A a threading such thatξ A = 0, the expression (4.25) for δ n ζ has exactly the same form as the covariant definition of ζ (n) , Eq. (3.28), once the perturbations δ n X α and δ n X ρ are replaced by the covariant perturbations ∇ n e ⊥ α and ∇ n e ⊥ ρ. Furthermore, since ζ (n) and δ n ζ satisfy the same evolution equation, we conclude that ζ (n) provides the covariant and non-perturbative generalization of the coordinate-based perturbative quantity δ n ζ.
Coordinate-based expansion of the covariant perturbations
Covariant quantities can be expanded in terms of perturbations in a coordinate system. In the covariant approach of Ellis and Bruni, this expansion has been done in [17] . However, it was restricted to first order in the coordinate-based perturbations, where covariant quantities are automatically gauge-invariant. At higher order, covariant quantities are not necessarily gauge invariant (see also the discussions in [18] and [20] ).
In the following we expand our covariant variable ζ (n) in the coordinate-based perturbations. We first do this in the uniform density slicing and comoving threading Y A , defined in Sec. 
As expected, δ m Y ζ (n) reduces to n-th order gradients of δ m ζ projected alongē i . On the left hand side of this equation, the m-th order perturbation of ζ (n) on uniform density hypersurfaces and comoving threading and can be written in gauge-invariant form using Eq. (4.7), and on the right hand side δ m ζ is also gauge-invariant. Now we want to consider the expansion of δ m ζ (n) in a generic gauge X A . At first order in the perturbations, using the gauge transformation from Y A to X A (4.7) one finds
Indeed, ζ (n) has no background value and at first order δ X ζ (n) is automatically gaugeinvariant by Stewart-Walker Lemma [26] . Thus δ X ζ (n) is simply related to the gradients of δζ by
However, one does not expect such a simple relation to hold at higher order perturbations m > 1. For example, one can consider the second-order perturbation of ζ (1) in a generic gauge. Using Eq. (4.7) one obtains In a general gauge, for m > 1, the perturbation of ζ (n) do not reduce to gradients of δ n ζ alone but also include terms proportional to the perturbations in the energy density and the vectorξ i .
Conclusion
In this paper we develop a covariant generalization of the relativistic cosmological perturbation theory by defining the perturbation of a scalar quantity as its fluctuation along a curve connecting two comoving observers in the real inhomogeneous universe. We also extend the formalism to describe perturbations of tensor fields. These perturbations are fully nonlinear and non-perturbative in the usual sense of the coordinate-based approach to perturbations. Being covariantly defined in the real universe, they have a physical interpretation and are not hampered by gauge subtleties.
We use this covariant formalism to define a scalar variable ζ (n) , as given in Eq. (3.28), which is the covariant generalization of the n-th order curvature perturbation on uniform density hypersurfaces defined in the coordinate approach. The variable ζ (n) is covariantly constructed in such a way that it describes the n-th order fluctuation of the integrated expansion (or number of e-folds) α on uniform density hypersurfaces. By using the continuity equation we derive the evolution equation of ζ (n) , given in Eq. (3.30), at arbitrary order in the covariant perturbations. We also show that if the fluctuations are adiabatic, i.e., for an ideal and barotropic fluid, ζ (n) is exactly conserved on all scales.
To show that ζ (n) generalizes the n-th order uniform density curvature perturbation, in Sec. 4 we first present a compact method to construct gauge-invariant expressions for n-th order perturbations in the standard perturbation theory. We then find the n-th order perturbation of the integrated expansion on uniform density hypersurfaces, denoted as δ n ζ and given in Eq. (4.25), which on large scales coincides with the curvature perturbation on uniform density hypersurfaces. Moreover, we derive a conservation equation for δ n ζ which is formally the same as the corresponding equation for ζ (n) . Thus we conclude that the conserved covariant quantities ζ (n) are for each n the proper generalizations of the analogous quantities defined in the standard coordinate-based approach.
The advantage of the covariant cosmological perturbation theory developed in the present paper is that it allows one to construct non-perturbative quantities mimicking those introduced in the standard coordinate-based perturbation theory. However, the covariant equations are fully nonlinear and can be easily derived at arbitrary orders without making use of approximations. Furthermore, they provide a clear insight of the conservation equations. Moreover, the fact that the perturbations are quantities in the real universe, makes it easy to connect them to measurable observables.
